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ABSTRACT
The properties of Josephson junction including a ferromagnetic insulating layer are studied
theoretically. The calculated current shows the anomalous dependence on the magnitude
of the exchange interaction at the interface. The Josephson junction changes from 0-
junction to pi-junction with the increase of the magnitude of the exchange interaction.
KEYWORDS:Josephson junction, ferromagnetic insulator, exchange interaction, pi-
junction
INTRODUCTION
It is well known that the properties of the Josephson junction are strongly influenced by
the bound states formed around the insulator [1-5]. This bound states are current carry-
ing states the origins of which are multiple Andreev reflection [6]. Previously, Furusaki
and Tsukada derived a unified formula of the Josephson current, which is written by the
coeficeints of the Andreev reflection [1,2]. This formula was extended to the Josephson
junction including anisotropic superconductors [3-5]. On the other hand, Tanaka and
Kashiwaya developed a theory of superconductor / ferromagnetic-insulator / supercon-
ductor (S/Fi/S) junction [7] based on the Furusaki’s formula. They showed that the
Josephson junction changes from 0-junction to pi-junction with the increase of the magni-
tude of the exchange interaction strength. In this paper, we will calculate the Josephson
current in S/Fi/S junction taking into account the exchange potential as well as ordinary
Hartree potential at the interface which was ignored in the previous paper [7]. As in
the previous results, the Josephson current changes sign with the increase of exchange
interaction strength for fixed phases difference between two superconductors. Our results
inclueds several existing results as limiting cases [8-10].
FORMULA AND RESULTS
We assume the system in the clean limit with perfectly flat interface which is perpendicular
to the x-axis and is located at x=0. The Fermi wave number kF and the effective mass m
are assumed to be equal both on the left (negative x side) and the right (positive x side)
superconductors. All dynamical spin processes are neglected and the magnetic influence
on the superconductivity is limited to that through the exchange field in the Fi region.
Since the momentum component parallel to the interface is conserved, the Bogoliubov-de
Gennes equation can be expressed as
 h1,σ(θ) ∆(x)
∆∗(x) −h2,σ(θ)

Ψσ(x, θ) = EΨσ(x, θ), σ =↑, ↓, (1)
h1(2),σ(θ) = −
h¯2
2m
d2
dx2
+ (Hi − (+)ρσHm)δ(x)−
h¯2k2F cos
2 θ
2m
, ρ↑ = 1, ρ↓ = −1. (2)
In the above, the wave function Ψσ(x, θ) expresses the process where an electron-like
quasiparticle is injected from the left superconductor. Hi and Hm represent the ordinary
barrier potential and exchange interaction, respectively. The quantity θ denotes the in-
jection angle of the quasiparticle which is measured from the normal to the interface. The
energy of quasiparticles E is measured from the Fermi energy EF . We assume that the
pair potential is expressed as ∆(x)=∆(T )eiφL for x < 0, and ∆(x)=∆(T )eiφR for x > 0.
The Andreev reflection coefficient aσ(φ, θ) is obtained as follows.
aσ(φ, θ) =
∆(T )
[
−E sin2(φ/2) + iΩ {sin(φ/2) cos(φ/2) + ρσzmθ}
]
E2(1 + Z2θ )−∆
2(T ) {cos2(φ/2) + Z2θ} − 2iEΩρσzmθ
. (3)
In the Eq.(3), Ω=
√
E2 −∆2(T ). The phase difference between the left and right su-
perconductor is denoted as φ=φL − φR. Barrier parameters at the interface are given
by
zmθ =
mHm
h¯2kF cos θ
, ziθ =
mHi
h¯2kF cos θ
Z2θ = z
2
iθ − z
2
mθ.
(4)
Following the formulation in Ref.[1,2], the Josephson current is obtained using the gener-
alized coefficient of the Andreev reflection a¯σ(φ, θ) which is obtained by analytic contin-
uation of E to iωn in aσ(φ, θ). The obtained result for a fixed injection angle I(φ, θ) is
expressed as
I(φ, θ) =
e∆(T )kBT
h¯
∑
ωn
a¯↑(φ, θ) + a¯↓(φ, θ)− a¯↑(−φ, θ)− a¯↓(−φ, θ)
2Ωn
, (5)
with ωn=2pikBT (n+1/2) and Ωn=
√
ω2n +∆
2(T ). Performing the summation of the Mat-
subara frequency, the whole Josephson current J(φ) is obtained as
J(φ) =
k2FS
pi
∫ pi/2
0
I(φ, θ) cos θ sin θdθ,
I(φ, θ) =
e∆2(T ) sinφ
2h¯ {(1 + Z2θ )
2 + 4z2mθ}
{
α(φ, θ)
εA(φ, θ)
tanh
εA(φ, θ)
2kBT
+
β(φ, θ)
εB(φ, θ)
tanh
εB(φ, θ)
2kBT
} (6)
with following quantities
ε2A(φ, θ) = ∆
2(T )
×
(1 + Z2θ )(cos
2(φ/2) + Z2θ ) + 2zmθ
{
zmθ +
√
z2mθ + (cos
2(φ/2) + Z2θ ) sin
2(φ/2)
}
(1 + Z2θ )
2 + 4z2mθ
(7)
ε2B(φ, θ) = ∆
2(T )
×
(1 + Z2θ )(cos
2(φ/2) + Z2θ ) + 2zmθ
{
zmθ −
√
z2mθ + (cos
2(φ/2) + Z2θ ) sin
2(φ/2)
}
(1 + Z2θ )
2 + 4z2mθ
(8)
α(φ, θ) =
1
2

(1 + Z2θ )− zmθ(cosφ+ Z
2
θ )√
z2mθ + (cos
2(φ/2) + Z2θ ) sin
2(φ/2)

 (9)
β(φ, θ) =
1
2

(1 + Z2θ ) + zmθ(cosφ+ Z
2
θ )√
z2mθ + (cos
2(φ/2) + Z2θ ) sin
2(φ/2)

 . (10)
The quantity S expresses the magnitude of the section of the junction. Figs.(1) and (2)
show the calculated Josephson current J(φ) and maximum Josephson current JC for fixed
zi=1 and several values of zm (zi(m)=cos θzi(m)θ), which are normalized by the resistance
in the normal state
R−1N =
e2k2FS
pi2h¯
∫ pi/2
0
cos θ sin θ
1 + (ziθ − ρσzmθ)2
dθ (11)
On the other hand, Figs.(3) and (4) are corresponding figures of Figs.(1) and (2) for
fixed zm=1. As shown in Fig.(1), when the magnitude of zm becomes larger than that
of zi, the Josephson junction changes from 0-junction to pi-junction. For large zm or zi,
the temperature dependence of the maximum Josephson current JC [Figs.(2),(4)] shows
similar behavior to that found in the tunneling limit of the non-magnetic barrier by
Ambegaokar and Baratoff [10]. For fixed zm, with the increase of zi, the Josephson
junction changes from pi-junction to 0-junction [Fig.(3)].
In this paper, we have developed a general formula of the d.c. Josephson current between
the superconductor / ferromagnetic-insulator / superconductor junction taking into ac-
count both ordinary barrier potential as well as exchange interaction. The essence of the
physics in our previous paper [7] does not change due to the existence of the ordinary
potential barrier. We hope the drastical change from 0 junction to pi junction will be
observed experimentally near future.
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FIGURE CAPTIONS
Figure 1: Normalized J(φ) is plotted as a function of φ/pi, with a:zm=0.5, b:zm=1.5,
c:zm=2 and d:zm=5. zi(m)=cos θzi(m)θ
Figure 2: Normalized JC is plotted as a function of T/TC , with a:zm=0.5, b:zm=1, c:zm=2
and d:zm=5. zi(m)=cos θzi(m)θ
Figure 3: Normalized J(φ) is plotted as a function of φ/pi, with a:zi=0.5, b:zi=1.5, c:zi=2
and d:zi=5. zi(m)=cos θzi(m)θ
Figure 4: Normalized JC is plotted as a function of T/TC , with a:zi=0.5, b:zi=1, c:zi=2
and d:zi=5. zi(m)=cos θzi(m)θ
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